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Abstract—Transient analysis of fluid queues is an open re-
search area, where matrix analytic methods (MAMs) performed
in the transform domain are used to understand time-dependent
behavior. However, performing the inversion — either analytically
or numerically — is impractical in most cases. This work revisits
the work of a fluid-queue driven by a single “ON-OFF” source
where asymptotic analysis is performed to produce equivalent
representations that depict short and long-time behavior. Nu-
merical simulations illustrate the fidelity of this analysis, where
the results can be leveraged to understand transient behavior in
different types of fluid models. Furthermore, these results can
be adapted to provide better resource estimation of fast-packet
switching within various distributed networks.

Index Terms—Queueing Theory, Fluid Models, Stochastic Pro-
cesses, Laplace-Stieltjes Transform, Transient Analysis, Asymp-
totic Analysis

I. INTRODUCTION

LUID queues have served many applications in the com-
puting world including understanding the performance
measurements of network switches [1], peer-to-peer file shar-
ing [2], and understanding IEEE 802.11 protocols [3]. Al-
though many advancements have been made to understand
stationary behavior, understanding transient behavior is still an
open area of research. Recent techniques involve the use of
either Fourier-Stieltjes Transforms (FST) and Laplace-Stieltjes
Transforms (LST), where matrix analytic methods (MAMs)
have been used to understand transient behavior (see [4] and
[5S]). However, inverting from the LST and FST transform
domains to the time domain is a cumbersome process which
can be impractical both analytically and computationally.
This paper revisits the special case of a fluid queue fed
by single “ON-OFF” source [6], where the contributions
are two-fold. First, asymptotic analysis of the solutions is
performed that considers both short and long-time behavior.
Next, an expansion is proposed that holistically considers these
behaviors while also providing a direct correlation between
the fluid flow rates and state transition rates. The numerical
experiments validate our proposed schema, where the results
can be incorporated into understanding various network and
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scheduling applications such as fast-packet switching, statisti-
cal multiplexing [7], and vacation scheduling [8].

The rest of this paper is organized in the following manner.
Section II reviews the analysis of the model, where an in-
depth analytical assessment of the transient behavior of the
fluid queue presented in [6]. Additionally, asymptotic analysis
is performed to analyze short and long-time transient behavior.
Section IV provides the numerical experiments highlighting
the robustness of asymptotic analysis. Section V concludes
and presents some avenues of future exploration.

II. ANALYTICAL DEVELOPMENT

Let the total state space S be comprised of a collection
of possible states S = {S1,..., S }. Here, each state {S,,}
(form =1,..., M) is either an “ON” or “OFF” state, where
the duration within each state is exponentially distributed with
constant transitions between each state. Suppose also that the
network has a target link capacity of C' PPS!. Within each
“ON” state traffic is injected into the target link at a rate of
rm PPS, which is determined by the number of input sources
in S,,. Thus, the change of in the link buffer content Q(¢) is
described as

dQ  Jrm—C when Q(t) >0 1
dt )0 otherwise ) (
Equation (1) models the impact of the server to continue
to receive packets. When this happens, they are held in a
buffer until they can be processed. Hence, this behavior can
be expressed as a Markov chain such that Q(¢) represents
the buffer content where the buffer rate of change dQ/dt for
each “ON” state S, can be interpreted via the following cases
shown in Table I.
The goal is to determine

W™ (x,t) = P{Q(t) < z,S(t) = Sm}, )

where = > 0 is the buffer content. For each state S, the
probabilistic transitions can be represented as follows

'PPS = packets per second.
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TABLE I

Condition Description

I rm > C. The buffer content increases at a rate of
rm — C. The server’s ability to receive packets is
continually being exhausted. Hence, future packets are
held in the buffer Q(¢t) (where Q(t) > 0) until they can
be processed.

I rm < C and Q(t) > 0. The buffer content decreases at
a rate of ry, — C. The interpretation is that the server’s
ability to receive and process packets is still possible.

I rm < Cand Q(¢t) = 0. There is no change in the buffer
content. This condition implies that there is an efficient
network.

W™ (z,t 4 At) = (1 — Atdym) W™ (2 — (1, — C) At t)
+AE D AWz — (1 — C) At t)

n#m

+ 0 ((At)?), (3)

where, on the right hand side of (3), the first term describes
no transition between states and the second term models the
transition between the other states. Noting that

AmmAt =1 = At > A @)
n#m

equation (3) can be expressed as

Wm(z,t + At) — W™ (x — (1, — C) At, 1)

At
> AW (@ = (rm — C) At 1)
n#m
- Z AW (x — (r, — C) At, 1)
n#m

+O(A).  (5)

It is observed that the left hand side of (5) can be written as

Wm(x,t + At) — W™ (x,t)
At
(W™ (z,t) — W™ (z — Az, t))
Ax ’
where Az = (r,, — C)At. Therefore, as At — 0 equation (5)
becomes

+(rm = C) (6)

aw™ aw™ . -
ot +¢m o = Z ()\an - >\mnW )7 (7)
n#m
where

Initial and Boundary Conditions: The initial conditions
are based on the supposition that the buffer content at time
t = 01is x > 0, which occurs at the initial state of the Markov
chain S [7]. Hence, the initial conditions are described as

/()

0 otherwise

when m=1

W™ (z,0) = { 9
where f(x) depends on the initial buffer content which can be
estimated via examining the initial network traffic. If the buffer
content at time ¢ = 0 is almost surely empty then f(z) = 1.
Analogously, the boundary conditions at x = 0 become

when m=1

q(t) , (10)

0 otherwise

W0, = {

where ¢(t) represents the likelihood that the buffer content can
be empty. As with equation (9), ¢(t) is only defined at S; due
to the assumption that this behavior can be easily examined at
the initial state of the Markov environment. On the other hand,
if the buffer content is almost surely nonempty then ¢(t) = 0.
The possibility that multiple “ON” sources can be on at the
same time also needs to be examined, which is considered via
the following relationship [7]

Y

Tr—00

M
lim Z W™ (x,t) = 1.
m=1

Equation (11) implies that the solutions W™ (x,t) for m =
1,..., M need to be bounded as x — oc.

A. Special Case of a Single ON-OFF Source

For the special case of a single ON-OFF source the values
are taken from two states S = {57, S2}. Hence, equation (7)
reduces to the coupled system

owl owl
T —¢1 o + A1 W2 = AW
OW?2 OW?2
o _%W + AW — Ay W2, (12)

where W (z,t), W2(z,t), ¢1, and ¢o are defined by equations
(2) and (8), respectively (for m = 1,2). The initial conditions
and boundary conditions (at z = 0) are defined as

Wh(z,0) =1 and W?2(x,0) = 0. (13)

and

W (0,t) = q(t) and W?2(0,t) = 0, (14)

respectively. Additionally, to consider the possibility that the
sources at states S; and Sy could be “ON” simultaneously,
the following boundary condition must be satisfied

lim {W'(z,t) + W?(z,t)} = 1.

T—r00

15)
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The formulation of this model, given by equations (12) -
(15), is presented in the work of [6] with the application of
understanding the transient behavior of fast packet switching.
This model is based on the assumptions that ¢y < 0 during
the “OFF” state .S (Condition I) and ¢2 > 0 during the “ON”
state S5 (Condition II).

Transient analysis is performed by taking the Laplace trans-
form of equation (12) with respect to ¢, while also considering
the initial conditions (13), resulting in the following differen-
tial system

%:A-VV(JJ,S)—FW(CE) (16)
x
with the boundary conditions
W (0,5) = [4(s),0]" (17)
and
: ir1 772 _
mh_)r{)lc {W (x,8)+ W (a;,s)} =1 (18)

where G(s), W (z, s), and W2 (z, s) are the respective Laplace

transforms (with respect to t) of ¢(t), W'(x,t), and W?(x, tj)

In equation (16), W(z,s) = [Wl(x, s), W2(z, s)} ,

W () = [1/¢1,0]", and A is the 2 x 2 matrix given by
—(M2+5) /1 A21/¢1

A=| e : 19

A2/ 2 —(A21 +5) /92 (19)

Therefore, the general solution to the non-homogeneous
boundary value problem (BVP) is of the form

W(w, s) = Po(s) + 1P, (s)ewo(s)w + co®y (s)ewl(s)w, (20)

where c; and co are constants (to be determined by the
boundary conditions), wg(s) and wq(s) are the eigenvalues
given by

_ (914 ¢2) s+ Maga + A T (s)
wo(s) = — 2610 Yoo 1)
and
_ (B1+ h2) s+ Aiade + a1 T (s)
wi(s) = — 560, Yooy (22)

and T'(s) is given by

T (s) = ((¢1 + b2) s + Mada + Aa16h1)”

—4¢1025 (5 + A2 + A21) - (23)

Additionally, the vectors ®;(s) (for j = 0,1,2) are given by

®(s) = ¥(s) (21 + 8) + dowo(s)wi(s), Aia] T, (24)

- 1T
R e
and - -
By(s) = [Catsltdmn(® dult o
L P2 b2 |
where
W(s) = (wo(s) +wi(s)) o7

wo(s)wi(s)v/T(s)
It is noteworthy to mention that the boundary conditions,
given by (17) and (18), need to consider the behavior of q(s)
while also ensuring that W(z, s), and W?(z, s) are bounded

solutions as © — oo. Thus, the following relationship must
hold

i) =
Q(S) - (;5111}1 (8) .

Hence, the solutions to equations (16) - (18) are given as

) 1 A A
L (1 A21 M2
Wis) = ()\12+/\21) K 8 )+ <5+)‘12+)\21)]

a (s T A1 + dawp (S)) wo(s)e

(28)

S (S + A2 + )\21)
(29)

and

Mz) [1 N 1]
A2 + A1 s s+ A2+ A

(1 v,

Considerable algebraic manipulation and inversion yields the
following solutions for W (z,t) and W?2(x,t)

W2, 5) = (

(30)

Aot + /\126*(>\12+)\21)t

) 0<t<
A2 4+ Aot z/¢2
wi (z,t) = a1 £ Ajge—(Pr2tAan)t - ( 1 )
A2 + Azt Ao1 + A2
*/\Aa: t
e %2 fofl(t—’u,l')h(v’x)dv, t>x/¢2
(31)
and
A1 —(A2+X21)t
— (1= 12 21 0 t
A2 + Agp ( € )7 < <J)/¢2
w2 (z,t) = # (1 _ 6*(>\12+x\21)t> _ ()\12)
A2 + A21 Yot
—gm t
xXe %2 fO fl(t*’U,l})g(y,x)dv7 t>f£/¢2

(32)
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where

fl (t,l’) — 1 _ e_(klz"r)\?l)(t_%)’ (33)
h(t,z) A12A21 92 Al i) y

(P2 — 1) (M2 + >\21)6

1
{10000 = s )},
(34)
olt,z) = (1) + Y2220 P20 (-Rugmgen)
2 — ¢1
1
(ﬁ (z,t) — /<;(:c,t)) I (p(=, 1)),
(35)
o) = Qt\/—)\12/\21¢1¢2n(33,t), (36)
2 — P1
and
1 1 T

Additionally, I,, (where n = 0,1,2), in equations (34) and
(35), are the modified Bessel functions of the first kind.

III. ASYMPTOTIC EXPANSIONS OF SOLUTIONS

The solutions, given by equations (31) and (32), describe the
transient behavior for the case of a single "ON-OFF” source;
however, their usefulness is limiting due to the existence of
Bessel functions in the integral expressions. To overcome these
restrictions, asymptotic analysis is introduced to provide vital
approximations to account for when ¢ — 0 and ¢ — oo. Next, a
comprehensive expansion is proposed in this section that fuses
both series representations to provide effective approximations
throughout the entire time domain.

A. Short-Time Behavior

For short-time behavior p = p(x,t) — 0 as ¢ — 0. Thus,
I,(p) can be expressed in terms of the power series expansion

17 () = (g)n’;F(k+l)F1(n+1+k) (g)%' (38)

Consequently, the integral expression in equation (31) be-
comes
N t N t
21 4 21 4
e % / filt —v,x)h (v,x)dv =e *2 / h(v, z)dv
0 0
oot} [ ooy

(39)

where

i A2A21 62
h dv =
/0 (v, @)dv (P2 — d1)(A12 + A21) x

i a®Q,, (a, by a;w,t)

40
= 2(m+1)22m ° (40)
t A2A21 6
()\12+)\21)’Uh d _ 12172192
e v, z)dv = X
/o (v,2) (¢2—¢1)()\12+)\21)
i a® Q0 (a, b, a; 1)
= r2(m+1)22m ’
41

and

T /m\ (2b2)" R (m + k)]

R (vt o?
{(1_6 ; Il ) T imrDm12)

0
~ (m @2be)" ket (0, mEEEZ ()l
2y gtk 2
k=0 1=0
(42)
and the constants a, a, b, and « are defined as
A202 — A2101 . A201 — A1
=== ='- a=———""= 43
¢2 — P1 2 — P1 )
b:—1 (11) , and QZZfM’ (44)
2\¢41 @2 (P2 — ¢1)

respectively. Similarly, the integral expression in equation (32)

becomes
. t
¥ / g(v, z)dv
0

X t
_2a1
o Ay

i
{ ()\12+>\21)t+>\12 }/ 6(/\12+>\21)Ug(’l},$)d1],

(45)

Y
(v,2)dv =c¢ 7

A2 A1 T Z a®xm(a,b,a; x,t)
¢2 — (bl =0 22’”F(m + l)F(m + 2) ’

(46)
t
A2
/ 6(}\12+)\21)vg(v7x)dv _ 1 + ¢12_21.T
0 2 — 1
a® o (a, b, a; x,t) @7

mZ:o 22mT(m+ 1)I'(m +2)’
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=L /m\ (202)™ R (m 4+ E)!
X (a,b,l/ T t) = (k>( )aerlEJrl ) X
k=0
m+k 1
—vt (Vt)
=0

(48)
and the constants a, a, b, and « are defined by equations (43)
and (44), respectively.
B. Long-Time Behavior

For long-time behavior p =
Additionally, 7,
integral form

p(z,t) — oo as t — oo.
»(p) (n € Z) can be expressed in the following

1 ™
I.(p) = ;/0 P59 cos (nh) db.

Applying Laplace’s method [9] to (49) yields the following
asymptotic representation for I(p)

(49)

eP(x:t)
2mp(z,t)

For n # 0 the asymptotic representation for I,,(p) becomes

I (p(, 1)) ~ (50)

ep(x t) m n2m

/727_[_[)1. 7 Z 2m ” )]m.

Hence, each integral in equations (39) and (45) becomes

I} (p(x,t)) ~ (51)

¢ A12A2102
/ h(v,x)dv ~ x
o \/27roz (¢ — ¢1) (/\12 + A21)
7av+o¢(v +2ba:v)
(v2 + 2bxv) 7

oo

m22m
e |

=0

efav+a(v2+2ba:v) 3

dv
5 3 )

vE+i(v+2bx)%d

(52)

" naran) A12A2102
e h(v, z)dv ~ X
0 \/7(9252 — ¢1) (M2 + A21)

/t —av+a(v +2b;vv)2
0

m22m

_Z (2m)!lam x

—avta(v? +2bxv)2

+ ;
e — |,
0o v2ti(v+2br)2 "1

(v2 4 2bzv)3

(53)
¢ J 1 bxy/a > )™
; g(v,x)dv ~ 1+ mzjo 2m) ”am
t 67av+o¢(vz+2bzv)%
/ o,
0 (v242bav)2 T
(54)

and

m

(2m) ”am
t 7a'u+a(v +2bm))2
= -,
0 (v242bzv)> T
(55)

and the constants a, a, b, and « are defined by equations (43)
and (44), respectively.

t
/ ez t2)v () 2Ydy ~ 1+ bxf Z
0

C. Proposed Comprehensive Expansion

— o)
— ()
Io(p)

0 L | - L I}
0 05 1 15 pla,te) 25 3 35 4

P

Fig. 1: Comparative behavior between the power and asymptotic
representations of Io(p).

The series representations, described in Sections III-A and
III-B, are incorporated into equations (31) and (32) to ap-
proximate the transient behavior of W!(x,t) and W?2(z,t)
Vt. However, as Figure 1 suggests, the expansions I7(p)
and I (p) behave similarly to I,,(p) for short and long time
periods, respectively. Moreover, it is noticed that both series
behave equally at a critical value ¢., which is estimated via
the following expression

120 (o (@,te)) = I (p (28D
— [T (p (@, ) = I (p (,2))]], < €
(56)

where € is the error tolerance (for n = 0,1,2) . This critical
point ¢, serves as a common transition point between the series
representations of 17 (p) and I7}(p).

IV. NUMERICAL EXPERIMENTATION & RESULTS

Numerical experiments were conducted to illustrate the
fidelity of the proposed expansion, where the mean flow and
transition rates were ¢1 = —1, ¢ = 4, Ao = 1.3, and
Ao1 = 0.4 to be consistent with the work of [6]. Additionally,
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0 20 40 60 80 100 120 140 160 180 200

t

Fig. 2: Output of via Monte Carlo simulation for evaluating the
fidelity of the proposed technique.

Monte Carlo simulations were performed to produce variations
in the buffer content ()(¢) represented by equation (1) in
incremental time intervals of At = 0.1 seconds (totaling
1,000 trials), where an example is shown in Figure 2. As
highlighted in Table II, an in-depth comparative analysis was
also performed to assess the overall fidelity of the proposed
expansion as well as to determine the minimum number of
terms needed to characterize the transient response. Here,
comparisons are made between the theoretical solutions, the
leading and first order approximations, and the results from
the Monte Carlo simulation. These comparisons are also used
to assess the fidelity of the proposed analysis in characterizing
the transient behavior of F'(z,t) which is defined as

F(z,t)=P(Q(t) <xz) =W (x,t) + W2 (x,t). (57)

The assessment presented in this section is both from visual
and numerical perspectives, where absolute differences are
computed as

AP = ||1' - y”p for b= 1723003 (58)

where p is the type of Euclidean norm used and the variables
x and y are the two forms of the solution to be compared. For
example, in Scenario I (Table II) the difference would consist
of the theoretical solution and the leading order terms in the
power series representation. It is important to note that x = 1
is used in all evaluations for simplicity.

A. Numerical Results

Estimation of Critical Values: Equation (56) was em-
ployed to calculate the critical value ., to within four signif-
icant digits, where an error tolerance of O (10*5) was used.
It is interesting to note that determining ¢. is based on several
factors including the order of the modified Bessel function
I,, and the number of terms in the comparison between both

TABLE II

Scenario Description

1 Comparing the differences between the solution and its
approximation via the power series representation (first
term).

I Comparing the differences between the solution and its
approximation via the combination of power series and
asymptotic representation (first term from each series).

I Comparing the differences between the solution and its
approximation via the combination of power series and
asymptotic representation (first two terms from each
series).

v Comparing the differences between the theoretical solu-
tion and simulation results.

v Comparing the differences between the simulation results
and the approximation from the combination of power
series and asymptotic representation (first term from each
series).

VI Comparing the differences between the simulation results
and the approximation from the combination of power
series and asymptotic representation (first two terms from
each series).

TABLE III

Bessel Function Estimated Critical Value t.
One Term Two Terms
n=0 0.2579 2.7995
I, n=1 1.0320 3.7456
n=2 1.6399 6.1883

power series and asymptotic representations. For example, if
one terms is used as a power and asymptotic series for I
t. = 0.2579 seconds. However, t. = 2.7995 seconds if more
terms are needed in the power series expansion.

TABLE 1V
Summary of Average Absolute Differences
Scenario A1 Ao Aso

I 0.1806 4.483 x 1072 | 1.210 x 10*
| 7.495 x 1072 | 1.798 x 1072 | 4.617 x 10~°
1 8.898 x 1076 | 5233 x 107° | 1.790 x 10~7
v 2.922 x 1072 | 1.635 x 1072 | 2.314 x 10~
Y 0.1039 2.551 x 1072 | 2.313 x 1074
VI 1.11 x 1075 1.62 x 10~% 3.12 x 10~4
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As illustrated in Table IV, the closest accuracy to the
theoretical and the Monte Carlo simulated solution is four
terms, where the first two terms from the power and asymptotic
representations are incorporated into an approximation of the
transient solutions W' and W?2. What is even more impressive
is the difference in accuracy when two additional terms are
added via comparing Scenarios II, III, V, and VI. This is
explicitly shown when examining the behavior of A;, where
it is observed that the aforementioned combination expansion
is within O (10’5) in terms of numerical accuracy.

—W'(x,) Monte Carlo
—Wz(x,t) Monte Carlo
==-W(x,t) Approximated
""Wz(x,t) Approximated

Fig. 3: Comparison of transient responses between W'(xz,t) and
W?2(x,t), where * = 1, between the four-term approximated
solutions and those generated by Monte Carlo simulation.

0.025

0015

Error

0.005

Fig. 4: Absolute error of F(x,t) between the terms generated by the
proposed combination expansions of W' (x,t) and W?(z,t), and
those generated by Monte Carlo simulation where = = 1.

Figures 3 and 4 show the robustness of the proposed
expansion from a graphical perspective, where Figure 3 high-
lights the closeness in behavior between the approximations
of W(z,t) and W?(z,t) and the Monte Carlo simulations.
This is further verified in Figure 4, where the error behavior
between the approximated and simulated responses of F(x,t),
where this trend continued when the authors investigated this
behavior for all six cases.

V. CONCLUSION

This paper analyzes transient behavior of stochastic fluid
queues fed by a single “ON-OFF” source, where asymptotic
analysis is presented to provide robust approximations to
depict both short and long-time behavior. Furthermore, a
comprehensive approximation is proposed that shows a direct
correlation between the transient behavior, the buffer flow
rates, and state transition rates while also accounting for short
and long-time behavior. Moreover, only a few terms are needed
to approximate this behavior.

The results of this work have several applications that can
benefit researchers not only studying these models, but also
their applications. For example, this work can be applied
to understand the behavior of fast-packet switching, from
theoretical and practical viewpoints, within various distributed
networks such as wireless and high-performance computing
environments. This work can also be used to understand other
types of fluid queues such as multi-dimensional fluid queues
[4], those driven by M/M/1 queues [8], and tandem fluid
queues [10].

Future explorations of this work include extending and
generalizing this approach to provide robust transient solutions
of fluid queues fed by multiple “ON-OFF” sources, where the
applications include analyzing the effects of traffic congestion
[11]. Other explorations of this work include applying these
results to quantify the reliability in heterogeneous ultra-dense
distributed networks [12].
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